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GEOMETRIC BOGOMOLOV CONJECTURE FOR ABELIAN VARIETIES 

AND SOME RESULTS FOR THOSE WITH SOME DEGENERATION 

(WITH AN APPENDIX BY WALTER GUBLER: THE MINIMAL 

DIMENSION OF A CANONICAL MEASURE) 
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Abstract. In this paper, we formulate the geometric Bogomofov conjecture for abehan 
varieties, and give some partial answers to it when there exists a place at which the closed 
subvariety is sufficiently degenerate in some sense. The key of the proof of our main theorem 

QQ ■ is the study of the minimal dimension of the components of a canonical measure on the 

tropicalization of the closed subvariety. Then we can apply the tropical version of the 
equidistribution theory by Gubler. This article includes an appendix by Walter Gubler. He 
. shows that the minimal dimension of the components of a canonical measure is equal to the 

■^ ■ dimension of the abelian part of the subvariety. We can apply this result to make a further 

(-H , contribution to the geometric Bogomolov conjecture. 

-(— > 

s; 

Introduction 

^ ■ 0.1. Motivation and statements. Let K he a number field, or a function field of a curve 

over a base field k. We fix an algebraic closure K of K. Let A be an abelian variety over 

Q . K and let L be an ample line bundle on A, and assume it is even, i.e., [— 1]*L = L. Then 

the canonical height function h^ associated with L, also called the Neron-Tate height, is a 

C^ I semi-positive definite quadratic form on A (K). It is well-known that /il(x) = if x is a 

Q ■ torsion point. Let X be a closed subvariety of A. We put 



X{e;L) := IxeX {K) hL^x) < e\ 



K> . for a positive real number e > 0. Then the Bogomolov conjecture for abelian varieties insists 

H ! that there should exist e > such that X{e; L) is not Zariski dense in X, unless X is a kind 

of "exceptional" closed subvarieties, such as torsion subvarieties for example. 

In the case where K is a. number field, namely, in the arithmetic case, this conjecture was 
solved more than ten years ago, known as a theorem of Zhang: 

Theorem 0.1 (Corollary 3 of [23j, arithmetic version of Bogomolov conjecture for abelian 
varieties). Let i^ be a number field. If X is not a torsion subvariety, then there is an e > 
such that X{e; L) is not Zariski dense in X. 

The Bogomolov conjecture is originally a statement concerning the jacobian of a curve 
and an embedding of the curve, that is, A is a jacobian and X is an embedded curve. This 
is called the Bogomolov conjecture for curves, which is proved by Ullmo in [TP] in case that 
i^ is a number field at the same time when Zhang proved Theorem 10.11 The ideas of Ullmo 
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2 KAZUHIKO YAMAKI 

and Zhang are same — based on the equidistribution theory, which will be recalled later in 
this introduction. 

When K is a finitely generated field over Q, a kind of arithmetic height functions can be 
defined after a choice of polarizations of K, due to Moriwaki p^. It is still an arithmetic 
setting namely, and the Bogomolov conjecture for abelian varieties with respect to the height 
associated with a big polarization has been proved by Moriwaki himself. The classical 
geometric height is also a kind of Moriwaki's arithmetic height, but it does not arise from 
a big polarization — rather a degenerate one. Hence we cannot say anything about the 
geometric version of the conjecture with Moriwaki's theory. 

How about the geometric case, that is, the case where K is a function field over an 
algebraically closed field k and the height is the classical geometric height? In this case, 
we cannot expect the same statement as Theorem lU.ll because a subvariety defined over 
the constant field can have dense small points. Accordingly, we have to reformulate the 
conjecture, or have to consider it in a restricted situation. 

The Bogomolov conjecture for curves has been studied for a long time as one of the 
important special case over a function field. In characteristic 0, Cinkir proved this conjecture 
in [8]. In positive characteristic, the conjecture for curves is still open, but there are some 
partial answers such as in [T7] by Moriwaki and in [201 121] by the author. In this case, the 
exceptional X's are the isotrivial curves. 

Another important result on the Bogomolov conjecture in the geometric setting is the one 
due to Gubler. He proved in [TT] the following theorem: 

Theorem 0.2 (Theorem 1.1 of [H]). Assume that there is a place v at which the abelian 
variety A is totally degenerate. Then X(e; L) is not Zariski dense in X for some e > unless 
X is a torsion subvariety. 

In this theorem, the exceptional X's are the torsion subvarieties, same as in the arithmetic 
case, because there do not appear constant subvarieties in the totally degenerate case. 

In this paper, we discuss the Bogomolov conjecture in the geometric setting. This paper 
has two goals: One is to give a precise formulation of the geometric version of the Bogomolov 
conjecture for arbitrary abelian varieties. This is well-known to the experts but seems to be 
lacking in the literature. The other is to prove the conjecture under a certain degeneration 
condition which is much more general than the case of totally degenerate abelian varieties 
considered in Theorem IU.2I 

Let us give more detail of each goal of ours. Let Gx be the stabilizer of X of a closed 
subvariety of an abelian variety A, and put B := A/Gx and Y := X/Gx- We call X a special 
subvariety of A if F is the translate of the image of a closed subvariety of the K/k-tiace 
of B defined over fc by a torsion point of B (cf. § 12. 2p . Note that if there is a place v at 
which A is totally degenerate, then the notion of special subvarieties coincides with that of 
torsion subvarieties since the K/k-trace is trivial. We will see that any special subvariety 
has dense small points (cf. Corollary I2.9p . Our geometric Bogomolov conjecture insists that 
the converse should hold true: 

Conjecture 0.3 (cf. Conjecture 12.101 and Remark 15. 7p . Let K he a function field. Let all 
A, L and X be as above. Then there exists an e > such that X(e; L) is not Zariski dense 
in X unless X is a special subvariety. 
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For an irreducible closed subvariety X G A and a place v of K, we can define an integer 
b{Xy), called the dimension of abelian part of X^ (cf. § 15. ip . We do not give its definition 
here because it is a little complicated, but we like to explain what it is in the case where A^ 
is the product of an abelian variety B with good reduction and a totally degenerate abelian 
variety: ii a : Ay ^ B is the projection, then b{Xy) coincides with dimtt(X). 

We can see that if there is a place v with dim.{X/Gx) > b{{X/Gx)v)i then X is not a 
special subvariety (cf. Proposition 15. 11 (1)). Hence if our conjecture holds true, then such an 
X should not have dense small points. In fact, we will show the following result as our main 
theorem of this paper: 

Theorem 0.4 (cf. Theorem l5.3l ). Assume that there exists a place v such that diin{X/Gx) > 
b{{X/Gx)v)- Then X(e; L) is not Zariski dense for some e > 0. 

This theorem roughly says that a non-special subvariety of "relatively large" dimension 
compared to its dimension of abelian part cannot have dense small points. Note that it leads 
us to a generalization of Theorem 10.21 In fact, if A^ is totally degenerate for some place v 
and X is a non-torsion subvariety, then we see b{Ay) = and hence b{{X/Gx)v) = by 
Lemma WM Therefore X does not have dense small points by Theorem lU. 41 if dim (X/Gx) > 
0, and by Lemma 12.111 if dim(X/Gx) = 0. Note also that Theorem 10.41 holds true in the 
case that i^ is a higher dimensional function field (cf. Remark 15. 7p . 

0.2. Ideas. We would like here to describe the idea of our proof. For that purpose, let us 
recall the proof of Theorem 10.11 and that of Theorem 10. 2[ which gives us a basic strategy. 

First we recall the admissible metric. Let A be an abelian variety over C and let L be an 
even ample line bundle on X. It is well known that there is a canonical hermitian metric 
hcan on L, called the canonical metric, such that [n]*Ci{L,hcan) = n'^Ci{L,hcan) and that 
the curvature form Ci{L,hcan) is smooth and positive. For a closed subvariety X G A oi 
dimension d, put 

f^X,L '■= -. TTpzCl{L,hcan) ■ 

degi(X) 
It has the total volume 1 and is smooth and positive on X. 

We recall what the equidistribution theorem says. Here we suppose that K is a number 
field. Let {xi)i^^ be a generic sequence of small points. Let a be an archimedean place, X„ 
the complex analytic space of X over cr, and let L^ be the restriction of L to X^j. Roughly 
speaking, the equidistribution theorem says that the Galois orbit of {xi)u approximatively 
as / — )• oo, are equidistributed in X^. with respect to fiXa,La- 

We can now recall the proof in the arithmetic case due to UUmo and Zhang. The proof is 
done by contradiction. Suppose we have a counterexample X for the Bogomolov conjecture. 
Then taking the quotient if necessary, we can easily reduce ourselves to the case where the 
stabilizer is trivial and d := dimX > 0. For a large X G N, we can see that the morphism 

a : X^ — )■ A^^'^, a{xi, . . . , xn) = {x2 — Xi, . . . ,xn — x^-i)- 

gives a birational morphism X^ — )■ a{X^). We fix such an X, writing X' := X^ and 
Y := a{X') for simplicity, and we take dense Zariski-open subsets U G X' and V G Y such 
that a induces an isomorphism between them. Let L' and M be even ample line bundles on 
X' and Y respectively. Then we can see that X' is again a counterexample for the Bogomolov 
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conjecture with respect to the hne bundle L' . Therefore we can find a generic sequence of 
small points (x/);^^, and we may assume they sit in U . Moreover, we can see that the 
image {a{xi))i(zH is also a generic sequence of small points. By virtue of the equidistribution 
theorem, (x/);^^ and (a(a;«))igN are equidistributed in X' and Y with respect to IJI'X'„,l'„ and 
f^Y^,M^ respectively, for an archimedean place a. Furthermore since a gives an isomorphism 
between U and V, we can conclude 

Since both fJ'X'^,L'^ and a*{fiY^,M,r) are smooth forms, we have 

on X^. The right-hand side however cannot be positive over the diagonal of X' = X^ . This 
is a contradiction since the left-hand side is positive. 

How about the case of Gubler? In contrast to the arithmetic case, there are no archimedean 
places in the geometric case. That fact had prevented us from enjoying an analogous proof 
of the arithmetic case. To overcome that difficulty, Gubler used non-archimedean analytic 
spaces over a non-archimedean place and their tropicalizations. 

Let X d Ahe a, closed subvariety of dimension d. To a place v of K, it is well-known 
that the Berkovich analytic spaces Xy C Ay can be associated. Gubler defined the canonical 
Chambert-Loir measure ^Xy,L^ on Xy. Suppose here that Ay is totally degenerate. Then 
Gubler defined the tropicalization X*™p of Xy, which is denoted by val{Xy) in his article, 
and showed that it is a "d-dimensional polytope" . This plays the role of a counterpart of the 
complex space over an archimedean place. Furthermore he investigated in detail the push-out 
A^x°'l ^o ^^6 tropicalization of ^Xv,Lvi describing it very concretely. In fact he showed that 
it is a (i-dimensional positive Lebesgue measure on the equi-tZ-dimesional polytope X*''°p. 

Now the idea of UUmo and Zhang can be applied to this situation. If there is a coun- 
terexample to the Bogomolov conjecture, we can make a situation similar to that of the 
arithmetic case; there is a morphism a : X' — )■ F, where X' and Y are some closed subva- 
rieties of abelian varieties, such that X' is again a counterexample of dimension rf' > and 
that a is a generically finite morphism and the image of the diagonal by a is one point. There 
is a generic net of small points since X' is a counterexample to the Bogomolov conjecture. 
Tropicalizing them, we have 

which is a morphism of polytopes. Using the tropical equidistribution theorem of Gubler to 
a generic net of small points, we can obtain 

(0-4.1) ^T{^^T,K)=^^t%. 

as well, where L' and M respectively are even ample line bundles as before. On the other 
hand, there is a d'-dimensional face E such that F := a^'^°^{E) is a lower dimensional face 
since the subset corresponding to the diagonal contracts to a point. It is impossible: the 
left-hand side of (10.4. ip has a positive measure at a lower dimensional F, but the right one is 
the d'- dimensional usual Lebesgue measure as mentioned above. Thus a contradiction comes 
out. 

It is natural to ask whether or not the same strategy works well in the non-totally de- 
generate case. It is known that the canonical measure [xx^,l exists on the analytic space 
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Xy. Gubler defined in [13] the tropicalization X*™^ and studied the push-out /i^"^^. ^^ ^^^ 
canonical measure. He actually proved that X*™^ has the structure of a simphcial set and 
that ^^x^i can be described as 

N 

(0.4.2) ^^TL = Y.'^5^^^ 

i=l 

where Aj runs through faces and (5a, is a usual relative Lebesgue measure on the simplex 
Aj. On the other hand, he also proved in [12] the equidistribution theorem which holds true 
in this situation. 

Thus we seem to have everything we need for the Bogomolov conjecture, but we do not 
in fact. When we obtained the contradiction by using the equidistribution theorem, the fact 
that the canonical form or the canonical measure is a "regular" one was crucial. Indeed, 
if the canonical form were not smooth or positive in the arithmetic case, a contradiction 
would not come out. In Gubler 's case as well, it was the key that the tropicalization of 
the canonical measure is the Lebesgue measure on the equi-(i'-dimensional polytope. In the 
general case however, lower dimensional Aj's often appear in (10. 4. 21) . and that is troublesome. 
It is true that we can make the same situation as before, that is, we have a morphism 

a*™P : (X^)*™P -> y;}™? and a*/°P {/xZl'}\ = /^S^ i^ ^e have a counterexample, but it 

is not sufficient to reach a contradiction because Aiy°M„ ^^y contain a relative Lebesgue 
measure with a lower dimensional support. 

The new idea in this paper to avoid this difficulty is to focus on how low dimensional 
components the support of /^y°M„ ^^^- ^^ ^^^t, we will show that it is bounded below by 
the abelian part of Y^. Then, we will see that the equidistribution method works quite well 
under the condition of Theorem I 



0.3. Further argument. This paper contains an appendix due to W. Gubler. In commu- 
nicating with the author on the first version of this paper, he found a proof of the fact that 
the minimal dimension of the support of the components of f^x^^^ for ample L is exactly 
dimX — b{Xy). Although we do not need this detailed information in the proof of Theo- 
rem 10. 4[ it is quite interesting and will play an important role for applying the canonical 
measures. In fact, we will apply Corollary IA.2I to make a contribution to the geometric 
Bogomolov conjecture as follows: 

Theorem 0.5 (cf. Corollary 15. 6p . Let A be an abelian variety. Suppose that there exists a 
place V such that b{Ay) < 1. Then the geometric Bogomolov conjecture holds for A. 

Theorem 10.51 also holds true in the case that i^ is a higher dimensional function field (cf. 
Remark 15. 7p . It is needless to say that this theorem in the case of b{Ay) = is Gubler's 
theorem. 

0.4. Organization. This article is organized as follows. We will give some remarks on the 
trace of an abelian variety in § 1. Those who are familiar with the trace will not have to 
read this section. In § 2, we will formulate the geometric Bogomolov conjecture for abelian 
varieties. In § 3, we will deduce some results concerning our conjecture for a curve X 
from the known jacobian cases. We will describe in § 4 some basic properties of Berkovich 
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analytic spaces and their tropicalizations. We will also note some properties of the canonical 
measures. In § 5, we will give the proof of our main result. The appendix due to Gubler is 
put at the last part of this paper. A result there will be used in § 15.31 

Acknowledgments. The author would like to thank Professor Fumiharu Kato for giving 
lectures on non-archimedean geometry to the author, Professor Walter Gubler for giving 
a lot of valuable comments and encouragement and for his appendix, The author would 
like to also thank the referee for valuable comments. This work was partially supported by 
KAKENHI(21740012). 

0.5. Conventions and terminology. Throughout of this paper, let k he a fixed alge- 
braically closed field, and let K be the function field of a reduced irreducible smooth curve 
over k. We fix an algebraic closure K. 

Let K' /k be a field extension. For a scheme X over k, we write Xk' '■= X Xspecfc Specif'. 
If : X — )■ y is a morphism of schemes over k, we write (px' '■ ^k' -^ ^k' for the base 
extension to K' . 

When we say "height", it means an absolute logarithmic height, for Y = K with the 
notation of [HI Chapter 3 §1]. 

For a finite extension K' of K, let M^' denote the set of places of K' . If K" is a finite 
extension of K' , then there is a natural surjective map M^" — )■ M^'- We put M^ := 
hm Mk'i where the K' runs through all the finite extension of K in K, and call an element 
of Mj^ a place of K. A place can be naturally regarded as a valuation of height 1. For a 
place V G M^, let K^ be the completion of K with respect to v. 

1. Descent of the base field of abelian varieties 

Let L/k be any field extension. We will discuss in this section when an abelian variety 
over L can be defined over fc, and will give a remark on the trace of an abelian variety. 
Let us begin with a lemma: 

Lemma 1.1. Let A and B he abelian varieties over L and k respectively. If (f) : Bl -^ A is 
an etale isogeny, then A and (f) are defined over k: precisely, there exists a subgroup scheme 
G of B over k such that Ker0 = G ®k L and hence A = {B /G)l- 

Proof. Let A^ be the degree of 0. Let {Bl)[N] be the kernel of the A^-times homomorphism. 
Then Ker0 C (i?L)[A^]red since Ker0 is reduced by our assumption. Taking account that 
the field extension L/k is regular, we have 

Ker C {Bl)[N],,^ = {{B[N])L)roA = {{B[N]),,^)^ , 

which tells us that Ker0 is defined over /c, namely, there exists a subgroup scheme G of B 
over k such that Ker0 = G ®k L. D 

We recall a quite fundamental theorem due to Chow here: 

Theorem 1.2 (cf. II §1 Theorem 5 of [IS])- Let A be an abelian variety over k and let B be 
an abelian subvariety of A^. Then there exists an abelian subvariety B' d A with 5^ = B. 

We can now show the following slight generalization of Theorem 11.21 
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Proposition 1.3. Let A be an ahelian variety over k and let G be a reduced closed subgroup 
of Ai. Then there exists a closed subgroup G' of A with {G')i = G. 



Proof. By Theorem ll.2[ there exists an abehan subvariety G° G A such that G^ is the 
identity component of G. Consider the natural homomorphism 0' : [A/G°)l -^ {Al)/G. It 
is an etale isogeny since G is reduced, so by Lemma II. ![ there exist an abehan variety H 
over k and a homomorphism ip : A/G° — )■ H such that ipi coincides with cf)' . Now let G' be 
the kernel of the composition A — )■ A/G° — t- H . Then we immediately find G'^ = G. D 

Let B be an abelian variety over k and let : Bl — )■ A be a smooth homomorphism 
between abelian varieties over L. Then, as a corollary of Proposition 11.31 we can take an 
abelian variety A' over k and a homomorphism (p' : B ^ A' such that A = A'^^ and 0'^^ = 0. 
In fact, there exists a reduced closed subgroup G' of B with Ker0 = G^ by Proposition 11.31 
Then A' := B/G' suffices our requirement. 

Next we will give a remark on the Chow trace. Let F/L be a field extension. Let A be 

an abelian variety over L. Recall that a pair iA^^'',Ti^ j of an abelian variety A^^'^ over 

k and a homomorphism Tr^ : {A^^'')p — )■ A Xgpcc^ SpecF over F is called a F/k-trace, or 
Chow trace, if it satisfies the following universal property: for any abelian variety B over k 
and for any homomorphism : Bp — ?■ A Xspec^ SpecF, there exists a unique homomorphism 
0' : S -> A^^'' over k such that TrJ^'' o0'^ = (cf. p] and [16]). 

Lemma 1.4. Tr^ is finite and purely inseparable. 

Proof. By virtue of Proposition 11.31 we can take a closed subgroup G' C A^'^ such that 
G'p = ^Ker Tr J/''') . Let vr : A^/^ -^ A^'^/G' =: B be the quotient by G'. Then we have 
naturally a homomorphism : Bp — )■ A Xspec^ SpecF. By the universal property, we obtain 
the factorization 0' : 5 — )■ A^^'^ over k, and the universality also says that 0' o vr = id^F/*. 
That concludes vr is an isomorphism and hence (KerTr^ j =0, namely, Tr^ is finite 

V / red 

and purely inseparable. D 

The uniqueness of the F//c-trace is immediate from the definition. We can find in ^15] a 
proof for the existence, but we should note one thing: in the definition of F/fc-trace of [T51 

VIII §8] , Lang assumed that Tr^ is finite. This assumption is not necessary since it follows 
from the definition automatically by virtue of Lemma [1.41 (cf. p!Bl the last line in p. 138]). 

Finally in this section, we give a remark on the homomorphism between the F/k-traces 
in the case of char(fc) = 0, although it will not be needed in the sequel logically. Let A and 
B be abelian varieties over L and let : A — )■ i? be a homomorphism. Then induces a 
unique homomorphism Tr(0) : A^^'' — )■ B^^'^ by the universal property. 

Proposition 1.5 (char(A;) = 0). Suppose that is surjective. Then Tr(0) : A^^'^ — )■ 5^/^ is 
surjective. 

Proof. Let us take an abelian subvariety A' G A finite and surjective over B. Then we have 
a composite of homomorphism {A')^^'' — )■ A^^'' — )■ 5^/^ by the universality, and hence we 
may and do assume that is finite from the beginning, namely, is an isogeny. Let G be 
the identity component of 

{B^^'')f X(BxspocLSpecF) {A XspecL SpCcF). 
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Then it is an abelian variety over F and we have a natural homomorphism ■?/' : G — > (^B^'^^ . 
It is also an isogeny since so is and in fact it is an etale isogeny since char(/i;) = 0. By virtue 
of Lemma Fl. 11 we can take an isogeny ip' : G' ^ B^/^ such that ij^'p = ip. Note in particular 
ip' is surjective. Applying the universality of the F/k-trace to the natural homomorphism 
G'f = G ^ a XspecL SpecF, we see that ip' factors as 

G' > A^l^ ^^ B^l\ 

Consequently, the induced homomorphism Tr(0) is surjective since so is ■?/''• □ 

2. Geometric Bogomolov conjecture 

In this section, we give a precise formulation of the geometric Bogomolov conjecture for 
abelian varieties. 

2.1. Small points. Let A be an abelian variety over K. For an even ample line bundle L 
on y4, let us consider the canonical height function hj^. It is known to be a semi-positive 
quadratic form on A{K\ Let X be a closed subvariety of A. For each e > 0, we put 



X(e; L) := ja; G X{K) /il(x) < e | 



Lemma 2.1. Let A and X he as above. Let cf) : A ^ B he a homomorphism of abelian 
varieties over K and put Y := (f){X). Let L and M be even ample line bundles on A and B 
respectively. Then if X{e;L) is Zariski-dense in X for any e > 0, then Y{e';M) is Zariski 
dense in Y for any e' > 0. 

Proof. Since L is ample, we can take a positive integer n such that L*^" ® 0*(M)~^ is ample. 
Then we have nhi > 4'*hM, and hence 

Y{e; M) = ct> (|x G X{K) |^m(0(x)) < e }) 

D (|x G X(K) nfiLix) < e }) = (t){X{e/n; L)). 

The right-hand side is Zariski dense in Y by our assumption, which leads us to our assertion. 

D 

Let Li and L2 be even ample line bundles on A. Then X(e; Li) is Zariski dense for any 
e > if and only if so is X(e'; L2) for any e' > 0, by virtue of the above lemma. Accordingly, 
the following definition makes sense: 

Definition 2.2. We say that X has dense small points if X(e; L) is Zariski dense in X{K) 
for any e > and for some, hence any, even ample line bundle L on A. 

We end this subsection with the following two basic lemmas on small points, which will 
be used later: 

Lemma 2.3. Let (p : A ^ B be a finite homomorphism of abelian varieties over K. Let 
X C A be a closed subvariety and put Y := 0(X). Then X has dense small points if and 
only if Y has dense small points. 
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Proof. The "only if" part is immediate from Lemma [2.11 Let us show the "if" part. Let M 
be an even ample line bundle on B. Then L := (f)*M is also even and ample and we have 
4>{X{e] L)) = Y{e] M). Then if X{e; L) is not Zariski dense for any e > 0, then neither is not 
Y{e; M) since is finite. This proves the "if" part, and our lemma. D 

Lemma 2.4. Let A and B he ahelian varieties over K and let X (Z A and Y G B be closed 
suhvarieties. If X and Y has dense small points, then the closed suhvariety X x F c A x i? 
has also dense small points. 

Proof. Let p : A x B ^ B and q : A x B ^ B he the canonical projections. For even ample 
line bundles L and M on A and B respectively, we write L IE M := p*L ® q*M. It is even 
ample and we have himM = P*hL + q*hM- Accordingly we have 

{X X Y){2e; LmM)D X{e; L) x F(e; M), 

and hence we obtain our assertion. D 

2.2. Special subvarieties and the conjecture. First of all, we would like to define the 
notion of special subvarieties. For an abelian variety A over K^ let (A^'^^Tij^ \ denote 

the K /k-iia.ce of A (cf. § [1]). Since A^^^ is defined over k, we have the notion of /c-points. 
We note A^/^{k) C A^''' (K). 

Definition 2.5. Let A be an abelian variety over K. 

(1) Let X C A be an irreducible closed subvariety. Put B := A/Gx and Y := X/Gx C 
B, where Gx is the stabilizer of X. We call X a special subvariety if there exist a 
torsion point r G B(K)tors, and a closed subvariety Y' C B^^'^ over k such that 



K/k 



Y = Tr^^'^ (FV) + 



r. 



(2) A point a G A{K) is called a special point of A if the closed subvariety {a} is a 
special subvariety. We denote by Agp the set of special points of A. 

Let L be an even ample line bundle. Then we have 

(2.5.3) Asp = A(K\,rs + Trf (^A^/\k)^ = |x G A(K) |/ii(x) = o} . 

In fact, the first equality is immediate from the definition. The second one follows from [T6t 
Theorem 4.5 and 5.4.2]. In particular, a special point is exactly a point of height 0. 

Lemma 2.6. Let (p : A ^ B be a surjective homomorphism of abelian varieties over K . 
Then it induces a surjective homomorphism Asp — > Bsp. 

Proof. The inclusion (A (-ft'), ) C B {kY is obvious. Moreover, the homomorphism 

(f) induces a homomorphism Tr'^/'^(0) : A^/^ — ;■ B^^'^ (cf. § [1]). Now it is clear that 
4>{Asp) C Bsp. 

Let us show the other inclusion. We can take an abelian subvariety J G A such that 0|j 
is a finite surjective homomorphism. Since a point x E J (-ftT) is of height if and only if so 
is 0(x). Therefore the induced map Jsp — )■ Bsp is surjective by (I2.5.3p . Since Jsp C Agp, we 
thus obtain our assertion. D 
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Remark 2.7. Suppose that cf) is surjective. Then, it is not difficult to see that (f) induces 
a surjective map A (^K)^^^^ —^ B [K)^^^^. On the other hand, if we assume charfc = 0, 

then the induced homomorphism Tr ' (0) is also surjective by Proposition 11.51 Therefore, 
Lemma [2.61 can be deduced from these two facts in the case of charfc = 0. 

The following assertion says that the special subvarieties have dense small points: 

Proposition 2.8. If X is a special subvariety of A, then X (^K^ fl Agp is dense in X. 

Proof. First let us consider the case where Gx = 0. Since our assertion is independent of 
translation by a torsion point, we may assume r = and hence Tr^ 0^'~k) = ^ for some 

Y' C A^/^. Then our assertion is trivial since Tr^ {Y'(k)) C Agp and Y'{k) is dense in 
Y'— 

Next let us consider the general case. Let (j) : A ^ B := A/Gx be the quotient, and 
put Y := X/Gx = 4>{X). We have X = (f)~^{Y) since Gx is the stabilizer of X. From the 
surjectivity of 0, we see 

(2.8.4) {X (K) n Asp) =Y(K)n B^p 

by Lemma 12.61 Since F is a special subvariety of B and is stabilizer-free, we see that 
Y (K) P\Bsp is dense in Y as shown above. By f l2.8.4p . we thus conclude that (X (i^) fl A^p) 
is dense in 0(X). On the other hand, take any y E (p (X (^K) fl Asp), and take an x G 
X (^K) n Asp with y = 0(x). Since (f)^^(Y) = X, we have 



x + {Gx)spC(l) \y)nA 



sp' 



Since x + {Gx)sp is dense in x + Gx = <t> ^(y), "we find that ^{y)^ Asp is dense in ^{y)- 
That says that the set of special points in the fiber of 0|x : X — > F over y is also dense in the 
fiber. Together with the fact that f l2.8.4p is dense in F, we can conclude that X (^K) fl Asp 
is dense in X. D 

In particular, we have the following: 

Corollary 2.9. A special subvariety has dense small points. 

Now let us propose the statement of our geometric Bogomolov conjecture for abelian 
varieties, which insists that the converse of Corollary 12.91 should hold true: 

Conjecture 2.10 (Geometric Bogomolov conjecture for abelian varieties (cf. Remark l5.7p ). 
X should not have dense small points unless it is a special subvariety. 

The above conjecture is easily verified when dimX/Gx = 0: 

Lemma 2.11. Let A be an abelian variety over K and let X C A be a irreducible closed 
subvariety such that dimX/G^ = 0. If X is not a special subvariety, then it does not have 
dense small points. 

Proof. We can write X/Gx = {o"}. If X has dense small points, then so does X/Gx by 
Lemma 12.11 and hence a is a special point. That implies that X/Gx and hence X are 
special. D 

We end this section with the following characterization of the special subvarieties. 
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Proposition 2.12. Let X G A be a closed subvariety and let Gx be the stabilizer of X . Put 
B := A/Gx o,nd Y := X/Gx- Then the following statements are equivalent to each other: 

(a) X is a special subvariety of A. 

(b) Y is a special subvariety of B. 

(c) There exist an abelian variety C over k, a homomorphism : Cj^ -^ B , a closed 
subvariety Z' C C , and a special point a &Y such that Y = (f){Z'j^) + a. 

(d) There exist a variety W over k, a k-point wq G W'{k), a special point a G Y{K^ 
and a surjective morphism ip : W'^ — )■ Y such that ipi^o) = cr. 

Proof. The equivalence between the first and the second statements is trivial from the defi- 
nition. The implication from (b) to (c) and that from (c) to (d) are also trivial. Let us show 
that (d) implies (b). 

Let W, Wq, a and ip be as in (d). For a fixed y G B{K), we define Ty : B ^f- B hj 

Ty{x) = X + y. First note that we can write a = Tr^ (t) + r with some t G B^/^{k) 
and r G B{K)tors by f l2.5.3p . Then, by considering T_T-(y) and T_t- o ip instead of Y and 

ip respectively, we may assume that a = Tr^ (t). Further, taking an alteration of W if 
necessary, we may and do assume that W is nonsingular. 
Let us consider the albanese morphism 

al^ : W ^ A\h{W') 

with respect to the base point Wq. Then 

»^o ■■= «)k ■■ W't^ ^ AMW')k = Alb(WV) 

is the albanese morphism of W-^ with respect to Wq. By applying the universal property of 
0^,0 to the morphism T_o- o ■?/;, we obtain a homomorphism 

(j) : Alb(iyV) -^ B 
with o a^Q = T_o- o Ip. Then by the universal property of the /r/fc-trace, factors through 
the K/k-tiace, that is, there is a homomorphism 0' : Alb(W^') -^ B^/^ such that 

We now consider a closed subvariety Y' := (j)'{a'^^{W')) + 1 of A^/'^ . Then we have 

Trf /'(rV) = 0(«.o(W^V)) + TrF'(t) = (T_. o ^){W't,) + a = {Y-a) + a = Y 
as required. D 

3. Some results for gurves 

In this section, we recall some known results concerning the geometric Bogomolov conjec- 
ture for jacobian varieties and give remarks on their consequencesa 

Let C be a curve over K, and let Jq be the Jacobian variety of C. For each divisor on C 
of degree 1, let jo '■ C ^>- Jc be the embedding defined by ioix) = D — x. For each a G Jc, 
we note jz)(x) + cr = JD+a{x). The following assertion is an immediate consequence of the 



-"^We will not use the results of this section in the sequel. 
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theorem of Zhang and that of Cinkir. We recall here that a curve C over K is isotrivial if 
it is a base extension to ii" of a curve over k. 

Proposition 3.1. Fix Cq e C (K) . For each a e Jc (K), we put X^^^^ := [±l](jco(C) + o"), 
where [±1] is the ±1 -multiplication on Jc- 

(1) Suppose that C is isotrivial. Let tp : Z'^ = C be an isomorphism, where Z' is a curve 
over k. We assume further that cq G ip^Z'^k)). Then X^^^^ has dense small points if 
and only if a is a special point. 

(2) Assume char A; = 0. If C is non-isotrivial, then X^^ does not have dense small 
points. 

Proof. It is enough to consider X^^^a '■= ^^^ „ only. Taking a finite extension of K if necessary, 
we may assume C is a curve defined over K with stable reduction at any place, and Cq G 
C{K). Then the assertion (2) is immediate from P, Theorem 2.12] and [22^ Theorem 5.6]. 

To see the assertion (1), we first note that the admissible pairing {ua,uja) vanishes in this 
case (cf. [22]). By virtue of [224 Theorem 5.6], we find that Xcq^o- has dense small points if and 
only if the canonical height of the point corresponding to the divisor class (2(7 — 2)(co+cr)— wc 
in the jacobian vanishes. Since {2g — 2)co — coc is a. special point of Jc by our assumption, 
that is equivalent to a being special in this case by f l2.5.3p . Thus we obtain our assertion. D 

In the rest of this section, we will see what follows from Proposition 13.11 Let us prove a 
technical lemma needed later: 

Lemma 3.2. Let X be a closed subvariety of A, and let H G A be an abelian subvariety. 
Suppose that there exists xq G A (^K^ with X — xq C H and that X has dense small points. 
Then there exists a special point a of A such that X — a G H . Moreover, X — a has dense 
small points. 

Proof. The last statement follows form [161 Theorem 4.5 and 5.4.2] since X has dense small 
points. To complete the proof, we may assume H G A. Let : A — )■ A/H be the quotient. 
Since X — xq G H , we have (p{X) = (p{xo). Since X has dense small points, 4>{xo) is a special 
point by Lemma I^TTl By virtue of Lemma [521 there exists a G A^p with 0(cr) = 4>{xo). Then 
we have (p{X) = 0(o"), that is, X — a G H . D 

Now we can show the following assertion, which is a partial answer to the geometric 
Bogomolov conjecture when the closed subvariety X is a curve: 

Proposition 3.3 (char A; = 0). Let X be an irreducible closed subvariety of A of dimension 
1, and let u : Y —> X be the normalization. Let Jy be the jacobian variety of Y . Suppose 
that Jy is simple. Then X does not have dense small points unless it is a special subvariety. 

Proof. For a fixed yo G Y{K), we put Xq := viyo) and Xq := X — Xq. Then G Xq{K) and 
we have naturally vq : Y ^ Xq with z/(|/o) = 0, by composing the translation by —xq to z/. 
Then we can draw a commutative diagram 

Y -^ Jy 



Xa > A, 
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in which Xq — )■ A is the inclusion. We require an additional condition on yo in case that Y 
is an isotrivial curve: we can take a variety Y' over k and an isomorphism ip : Y'j^ = Y, and 
our requirement is yo G ipiY'^k)). 

Under the setting above, we will show Proposition 13.31 by contradiction. Suppose that 
X is not a special subvariety but it has dense small points. Let H be the image of the 
homomorphism 0. Then by Lemma [3. 2[ there is cr G Asp such that Xi := X — a G H , and 
moreover Xi has dense small points. We put z := a — xq- Then we have Xi = Xq — z and 
z E H. We take w E Jy with 4>{w) = z and consider Yi := Y — w. Note 0(^1) = Xi. The 
homomorphism is finite since Jy is simple by our assumption. Therefore, we see that Yi 
has dense small points by Lemma 12.31 

Here we divide ourselves into two cases. One is the case where Y is non-isotrivial. Then Yi 
cannot have dense small points by Proposition 13.11 (2). hence the contradiction immediately 
comes out. 

Let us consider the other case, namely, the case where Y is isotrivial. Since Yi has dense 
small points and Yi = jyo(Y) — w, we see that w is a special point by Proposition 13.11 
(1). That says that z = (j){w) is a special point, which implies Xi a special subvariety by 
Proposition 12.121 Accordingly X = Xi + a is also a special subvariety by Proposition I2.12[ 
which contradicts our assumption. Thus we have proved our assertion. D 

4. Preliminaries 

We fix our conventions and terminology. When we write K, it is a field which is complete 
with respect to a non-archimedean absolute value | ■ | : K^ — > M. Our K^, which is the 
completion of K with respect to a valuation f as in § 10.51 is a typical example of K. We put 

K° ■.= {aeK \ \a\ < 1}, 

the ring of integers of K, and put 

K°° ■={aeK \ \a\ < 1}, 

the maximal ideal of the valuation ring K°. Further we write K := K°/]K°°. For an admissible 
formal schemcl ^ (cf. [IDl [E]), we write ^ := ^ XspfK° Spec IK. For a morphism 
c/9 : ,^ — )■ ^ of admissible formal schemes, we write (p for the induced morphism between 
their special fibers. 

4.1. Berkovich analytic spaces. In the theory of rigid analytic geometry, there are several 
kinds of "visualization" or in other words, some kinds of spaces that realize the theory of 
rigid analytic geometry. In this article, we adopt the spaces introduced by Berkovich which 
are called Berkovich analytic spaces. When we say an analytic space, it always means a 
Berkovich analytic space in this article. In this subsection, we recall some notions and 
properties on analytic spaces associated to admissible formal schemes of algebraic varieties, 
as far as we use later. For details, we refer to his original papers [H [21 El S] • We also refer 
to Gubler's expositions in his papers [101 [13] , which would be good reviews to this theory. 

Let ^ be an admissible formal scheme over K°. Then we can associate an analytic space 
=^^°, called the generic fiber of ^. For a given analytic space X, an admissible formal 
scheme with the generic fiber X is called a formal model of X. There is a reduction map 



Any formal scheme is supposed to be an admissible formal scheme in this article. 
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red^ : S^'^'^ — )■ 3^ . Let Z an irreducible component of 2^ with the generic point ^z- Then 
there is a unique point r]z G .^^"^ with led^^riz) = iz- Thus we can naturally regard the 
generic point of each irreducible component of the special fiber as a point of the generic fiber. 

We can also associate an analytic space to an algebraic variety. Let X^" denote the 
analytic space associate to an algebraic variety X over IK. We have naturally X(K) C X'^^. 
We should note the relationship between the analytic space associated to an algebraic variety 
and that done to an admissible formal scheme. Let X be an algebraic scheme over K. Let 
A" be a model of X, that is, A* is a scheme flat and of finite type over W with the generic 
fiber X. Let X be the formal completion with respect to a nontrivial principal open ideal 
of ]K°. Then it is an admissible formal scheme and A^" is an analytic subdomain of X^°. 
Moreover if X is proper over K°, then X^^ = X*^"^. 

Let X be a proper algebraic variety over K and let Y be its closed subvariety. Let ^ be 
a formal model of X^°. Then there is a unique formal subscheme ^ C ^ with ^^° = y™. 
We call this ^ the closure of F in ^ . 

Finally we fix a notation. Let X be an algebraic scheme over K, and let f be a place of 
K. Then we have a Berkovich analytic space associated to X x-^^Specil'^. We denote it by 
Xy. It is a typical analytic space that we will mainly deal with in the sequel. 

4.2. Raynaud extension. For simplicity, we assume further that K is algebraically closed 
from here on. We recall here some notions of the Raynaud extensions as far as needed in 
the sequel. See P §1] and [131 §4] for details. 

Let A be an abelian variety over K. According to [H Theorem 1.1], there exists a unique 
open subgroup A° C A'^'^ with a formal model ^° having the following properties: 

• £/° is a formal group scheme and [sz/")^"^ = A° as group analytic spaces. 

• There is a short exact sequence 

(4.0.5) 1 > sr° > ^° > m \ 0, 

where S^° is a formal torus and SS ys, & formal abelian variety. 

By virtue of [3 Satz 1.1], we see that such an .s^° is unique, and <^° and SS are also uniquely 
determined. Taking the generic fiber of (14.0.51) . we have an exact sequence 

1 > T° > A° ^^-^ B > 



of group spaces. We call ^°, £^° and ^ are the canonical formal models of T°, A° and B 
respectively. 

Naturally T° is a quasi-compact open subgroup of the rigid analytic torus T, and hence 
we can obtain the push-out of the above extension: 

(4-0.6) 1 ,T > E -^^ B .0. 

The natural morphism ^4° — )■ E' is an open immersion, of which image is denoted hy E° . [6l 
Theorem 1.2] says that the homomorphism T° M- A^^ extends uniquely to a homomorphism 
T — !• y4^° and hence to a homomorphism p™ : E — )■ A'^^. This p^^ is called the Raynaud 
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extension of A. Note that we have a commutative diagram 
(4.0.7) 



E° ^^ E 



of group spaces. It is known that p'^^ is a surjective homomorphism and moreover M := 
Kerp*^^ is a lattice. Thus A^"^ can be described as a quotient of ii^ by a lattice M. 

We recall the valuation maps next. Taking account that the transition functions of the 
T-torsor fl4.0.6p can be valued in T°, we can define a continuous map 

val : E -> M", 

as in [6j, where n := dimT is called the torus rank of A. In fact, we can take an analytic 
subdomain V G B and a trivialization 

(4.0.8) {q'''')~\V) ^VxT 

such that its restriction induces a trivialization 

{{q°rT\y) = vxT°. 

Let us consider the composition ry : {q^'^)^^{V) = V" x T — > T of (I4.0.8P and the second 
projection. We see that if x G {q'^^)"^ (V) , then val(x) = (f (ry(x)i), . . . ,f (ry(x)„)), where 
ry{x)j is the j-th coordinate of ry{x). Moreover, the lattice M is mapped by val to a lattice 
A C M" and we have a diagram 

E -^ M" 

(4.0.9) 

that commutes. From the construction of the map val, we can see 

E° = T°nE = var\0). 

4.3. Mumford models. Let ^ be a A-periodic polytopal decomposition of M" (cf. fiU\ 
§6.1]). Taking the quotient by A, we have a polytopal decomposition of ]R"/A. Gubler 
constructed the Mumford model 

p = p^if : S' -^ ^ 

associated to ^. We also call ^ the Mumford model of A. We refer to |l3j §4] for details, 
and recall some properties that will be needed: 

• The surjection q^^ : E ^ B extends io q : S —^ I^ uniquely. If ^ denote the closure 
of T in ff, then 

(4.0.10) q:S^d§ 

is a fiber bundle with the fiber ,^ . 

• The lattice M acts freely on S' and (S /M = si . In particular p is a local isomorphism. 

• If ^' is a polytopal decomposition of M" finer than ^, and if S' — )• s^' is the Mumford 
model associated to '^', then there are natural morphisms S" ^ S' and s/' — )■ s/. 



16 KAZUHIKO YAMAKI 

Let <# — 7- .e/ be a Mumford model of the Raynaud extension ^f^ : E — )■ A^"^ and let 
red^ : E ^ S' he the reduction map. By virtue of [121 Proposition 4.8], we see that 
red^(-E'°) = red^(val~^(0)) is an open subset of £'. Let S'° be the open formal subscheme of 
(o with ^ = red^(i?°). The group structure of E° endows ^° with a group structure. Since 
we find 

Ker (q\^, : S° ^ m\ = 3"° 
by [131 Remark 4.9], we have an exact sequence 

(4-0-11) 1 y ^° y g- _i% g§ y 

of formal group schemes. By the uniqueness property of =2/°, we then conclude that S° = s^° 
and (14.0. lip coincides with fl4.0.5p . Using this isomorphism, we can define s^° — )■ ^2/ to be 
the composite 

This morphism s^° — )■ ^2/ is an open immersion since p|^° is an isomorphism, and it is an 
extension of ^4° C A to their formal models. Thus we obtain a commutative diagram 



(4.0.12) 



^° -^ ^ 



^° -^ 



which is a formal model of a diagram (I4.0.7p . 

4.4. Tropicalization. Let X be a closed subvariety of A. Then the image va^X*^") is known 
to be a closed subset of ]R"/A. We put 

X*™P:=^(X^°), 

calling it the tropicalization of X. It is well-known that X*™^ has the structure of a polytopal 
set (cf. [ISl Theorem 1.1]). 

The following assertion will be used in the proof of our main result: 

Lemma 4.1. Let Ai and A2 he abelian varieties over K and let Xi C Ai and X2 C A2 be 
closed subvarieties. Then we have naturally 

(Xi X X2)*™P = Xi*™P X X2*™P. 

Proof. From the definition of the tropicalization, we immediately see 

Ai*™P X A2*™P = M"VAi X M"VA2 = M"^+"VAi x A2 = {Ai x ^2)*^^, 

where rij is the torus rank of Ai and Aj is the lattice as in (14.0.91) for Ai. Both (Xi x X2)*™p 
and Xi*™P X X2*'^°p are subsets of the above real torus. On the other hand, we have a natural 
surjective map (Xi x X2)*™'' — )■ Xi*™p x X2*™p associated to the natural surjective continuous 
map 

|(XixX2)^"|^|(Xi)-|x|(X2)^°|, 

where IX^^^^I stands for the underlying topological space of a Berkovich analytic space X^"^. 
Thus we conclude (Xi x X2)*'^°p = Xi*''°p x X2*''°p. D 
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4.5. The dimension of the abehan part of a closed subvariety. In this subsection, 
let A be an abelian variety over K and let X C A be an irreducible closed subvariety. 

Lemma 4.2. For i = 0,1, let pi : S^ -^ s^i he a Mumford model of the Raynaud extension 
of A and let qi : Si -^ M he the morphism as (14.0.101) . Let ^i he the closure of X in s^i and 
let ^i he a quasicompact open suhscheme ofp^^{^) such that p{'3^) = J?^. Then we have 
dimgi(#i) = dimg2(#2). 

Proof. We can take a Mumford model p : S -^ s^ such that s^ dominates both s^q and 
£^\. Let g : ^ — )■ ^ be the morphism as (14.0. lOp . We also have a dominant morphism 
JT ^ eTi for z = 0, 1, where JT is the closure of X in s^ . Set ^' := 5C ^ x, %. Then 
^' is a quasicompact open formal subscheme of p~^(,^) such that ^' — )■ .^ is surjective. 
Moreover ^' — )■ ^ is surjective, and hence dim(g(^')) = dim(gj(^)). Accordingly, by 
pulling everything back to s^ , we may assume =e/i = =2^ = i^/ and hence ^i = J^o = ^, 
^1 = 4 =: ^ and %, ^i C p-\^). 

Let us fix an irreducible component W oi ^ . There are irreducible components Zq and 
Zi of ^ and ^ lying over W . Since £^ = S'/M, there exist m & M such that Zi fl {Zq + m) 
is a Zariski dense open subset of both Zi and Zq + m. Accordingly, 

dimg(Zi) = dimg(Zi fl {Zq + m)) = dimg(Zo + m) = dimg(Zo). 

Consequently, the number dimg(Z), where Z is an irreducible component over W, depends 
only on W . If we write Q;(iy) for this number, we see, for each i, that 

dimg(^) = maxa(iy), 

where W runs through the irreducible components of the quasicompact scheme ^ . Thus 
our assertion follows. D 

By virtue of the above lemma, we can make the following definition: 

Definition 4.3. For an irreducible closed subvariety X of A, we define h{X) to be the 
number dimgi(^) = dimg2(^) in Lemma Wf2\ We call it the dimension of the abelian part 
ofX. 

Note h{A) = dim 5, where B is the abelian part of the Raynaud extension of A (cf. 
(14.0.61) ). and b{A) = if and only if A is totally degenerate. 

Lemma 4.4. Let X C A he an irreducible closed subvariety and let Gx be the stabilizer of 
X. Thenh{X) >h{X/Gx)- 

Proof. Let (j) : A ^ A/Gx be the quotient homomorphism. Then lifts to a homomorphism 
between the Raynaud extensions of A and A/Gx by [6l Theorem 1.2]. Therefore, if ^ and ^ 
are the formal abelian varieties such that ^^^ and ^^° are the abelian parts of the Raynaud 
extensions of A and A/Gx respectively, then we have an induced homomorphism ^ — )■ ^. 
Now our assertion follows immediately from the definition of h{X). D 

4.6. Chambert-Loir measures. The purpose of this subsection is to give a remark on 
the product of Chambert-Loir measures. We refer to [131 §3] for all the notions such as 
admissible metric and Chambert-Loir measures. 



18 KAZUHIKO YAMAKI 

Let X be a projective variety over K. Recall that K^ denote the completion of K with 
respect to a place v G A% (cf. § 10. 5p . and X„ the analytic space associated to a algebraic 
variety X Xgp^^j^ Specify (cf. § 14. ip . To an admissibly metrized line bundle L on X (cf. 
^3.5]), we can associate a Borel measure 



on \Xv\ (cf. [131 Proposition 3.8]), where we emphasize with | ■ | that |X„| is the underlying 
topological space of the Berkovich analytic space X^. 

The following formula is the one mentioned in [71 §2.8] essentially, but we restate it with 
a proof for readers' convenience. 

Proposition 4.5 (§2.8 of [7]). Let X and Y he projective varieties over K and let L and M 

he admissihly metrized line hundles on X and Y respectively. Let p and q he the canonical 
projections from X x Y to X and Y respectively, and let r : \X^ x Y^\ ^ \X^\ x \Yy\ he the 
canonical continuous map induced from the projections. Then we have 

where L Kl M = p*L q*M and fix l ^ f^Y H "^^ ^^^ product measure on |X^| x \Yy\. 

Proof. First let us consider the case where the admissible metric on L and M are the formal 
metrics arising from models {^, ^) and (^, ^) respectively (cf. [TOl §3]). Then L Kl M is 
the formally metrized line bundles arising from the model {^ x ^, ^ Kl ^). By virtue of 
[Tot Proposition 3.11], we have explicit formulas 

^ Aglrr(,!r) 



f^M 



degi^M X xY 

C&rr{.Tx?V 



Yl (deg^K^ C) 6. 



nci 



where "Irr" means the set of irreducible components and tja denotes the point of the an- 
alytic space corresponding to A (cf. § 14.11) . Since ^ x '3'' = ^ x ^, we have naturally 
Irr (3^xW\= Irr (£'\ x Irr [#] . \{C = Ax B, then it is easy to see 



deg^a^ C = ( ^ ^ j (deg^ A) ■ (deg.^ B) 
and r^^j^p = 5^^ x 5^^, where d := dimX and e := dimF. Accordingly, we have 
r, ((deg^a^ C)5^^)= { ^ ^ j ((deg^ A) 5^^) x ((deg,^ B) 5^^) . 
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Since 

degLmM X xY = ( + ^ j (deg^ X) ■ (deg^^ F), 

we thus have our formula in this case. 

Now let us consider the general case. Let (,^,=Sf„) and (^,^„) be approximating se- 
quences of models of L and M respectively. Then {^n x '^n, ^n ^ -^nj is an approximating 
sequence of L Kl M, and we have 

as we have shown. Taking the limit as n — )■ +00, we obtain our assertion. n 

4.7. Non-degenerate strata. We recall the notion of non-degenerate strata here. First of 
all, let us recall the notion of stratification of a variety (cf. [T], [13] )■ Let Z be a reduced 
scheme of finite type over a field k. Put Z^°) := Z . For r e Z>o, define Z^^^^^ C Z^^^ to be 
the complement of the set of normal points of Z^"''^ . Then Z^^^^^ is a proper closed subset of 
Z^*"), and we obtain a chain of closed subsets 

z = z(°) D z^^^ 2 ■ ■ ■ 2 z^'-^^ D Z^'^ = 

for some s G N. The irreducible component of Z^'''^ \ Z'^^'^^^ for any r G Z>o is called a 
stratum of Z, and the set of the strata of Z is denoted by str(Z). 

We use here the same notations and conventions as those in § |H Let ^' be a strictly 
semistable formal scheme (cf. [131 5.1]). Berkovich defined in [^^ §5] the skeleton S{^'). It 
is a closed subset of {^'Y^, with important properties: 

• There is a continuous map Val : {^'y^'^ — > S{^') which restricts to the identity on 

s{st:'). 

• S{^') has a canonical structure of metrized simplicial set: there is a family of 
metrized simplicial sets {^s} s<^stT:{t') which covers S{^'). 

Let S" be a stratum of ^' . Let us describe Ag above a little more. By the definition of 
strict semist ability, we can take vr G K°° \ {0} and an open subset ^' C ^' with an etale 
morphism 

: ^' ^ Spf K°(a;[„ . . . , a;'rf)/(x'o . . . < - vr) 

such that S fl ^' dominates x'q. . .x'^ = 0, where K°(xo, . . . , x'^) denote the Tate algebra. 
Then we have an identification 

{u' eW^o^\u'o + --- + u'^ = v{7i)} = As. 

Let A be an abelian variety over K. Recall that we have a continuous map val : A^"- -^ 
M"/A, where n = dim A — b{A) and A is a lattice (cf. (I4.U.9P ). Let X C A be an irreducible 
closed subvariety of dimension d. Let p : <f — )■ =2/ be a Mumford model of the Raynaud 
extension oi A, JK G ^ an admissible closed formal subscheme with ^'^'^ = X*^"^, and let 
J?r' — )■ .^ be a semistable alteration, that is, J^' is a strictly semistable formal scheme and 
the morphism ^' — )■ ^ is a proper surjective generically finite morphism. We denote by / 
the composite ^' -^ ^ "-^ s^ . Gubler found in [13, Proposition 5.11] a unique continuous 
map 7^ : ^( JT') -^ M"/A such that /^g o Val = val o /. Let ^ C <^ be an open formal 
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subscheme such that p(^) = 2J . We put ^' := ^' x^ ^, and let g be the composite 
'3^' — > ^ ■— > <^. We then have a diagram 



3^' — ^ ^, 

in which the square commutes. Let S" be a stratum of 2J' . Since "p' is surjective, we can 
take an irreducible locally closed subset T C ^' such that p'|t : ^ — )■ S* is dominanlu. With 
this notation, we say S is non- degenerate with respect to / if dim/3^fj(A5) = dim(As) and 
dim(go^(T)) = dim 5. We also say A5 is non- degenerate with respect to / if 5* is non- 
degenerate with respect to /, following Gubler's terminology (cf. [131 § 6.3]). The notion of 
non- degeneracy is well-defined from 5* and / — independent of any other choices. 

Finally in this subsection, we like to give a remark on the relationship between the dimen- 
sion of abelian part and the dimension of the non-degenerate strata. To do that, we assume 
in addition that the above W and hence IV' are quasi-compact. Let S" be a non-degenerate 
stratum of SJ' . Then we have 

max {dimg (^ (T'))} > dim 5* 

r'estr(#') 

and hence 

h{X) = dim q (g (#") ) = max dim q {g {T')) > dim S. 

^ ^ ^^ r'estr(#) 

Accordingly, we have 

(4.5.13) dimAs = d-dimS>d-b{X). 

4.8. Minimum of the dimension of the components of the canonical measure. 

Let A be an abelian variety over K and let X C A be an irreducible closed subvariety of 
dimension d. From now on, we consider only canonical metrics on line bundles on abelian 
varieties, hence when we write L, it always means a line bundle L with a canonical metric. 
Let f be a place of K and put n := dim A — b{Ay). Since we have a continuous map 
val : Ay —^ MJ^/A, we can consider the tropicalization 

of the canonical measure, which we call the tropical canonical measure. The measures fix T 
and yU*^°'V were studied in [13]. We first recall the explicit description obtained there: 

Theorem 4.6 (The case of Li = ■ ■ ■ = L^ = L in Theorem 1.1 of [13]). With the notation 
above, suppose that L is ample. Then there are rational simplexes Ai, . . . , A^ in ]R"/A with 
the following properties: 

(a) d - b{Ay) < dim Aj < d for all j = 1, . . . , N. 



It is actually an open immersion. 
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(c) There are ri, . . . , tat > such that 

N 
trop _\^ <:_ 

i=i 
where S-^. is the pushforward to M"/A of the canonical Lebesgue measure on Aj. 

In general, let fj, he a. measure on a polytopal subset of ]R"/A of form 



N 



f^ = ^^i^A, (ri>0). 



j=i 
Then we define o"(/i) by 

a(/i) := min{dim Aj}. 

i 

Let ^ be the closure of X^ in a Mumford model of A^. We can take a semistable alteration 
/ : ^' -^ ^ oi a. model ^ of X„ by virtue of [m Theorem 6.5]. We can write 

s 

by [131 Corollary 6.9], where S ranges over all the non-degenerate strata of ^' with respect 
to /, and rs is positive. By [131 Propositions 3.9 and 5.11], we have 

^h {c,(LY) = {degf)(f,Mci{rm- 
Therefore we can write 



^Sj-X.'^^^/affCA 



s) 



for some r'g > 0. Since A5 is non-degenerate, we have dimA^ = dim/afr(A5). We see 
therefore 

(4.6.14) 

a i fJ'^'^j- ) = min < dim A^ 5 G str ( ^' ) is non-degenerate with respect to / > 



5 G str f ^' j is non-degenerate with respect to / ^ 



= d — max < dim S 
and combining it with f l4.5.13p . we obtain 

(4.6.15) a(/i;;;p^)>t/-6(x,). 

5. CONGLUSIONS 

5.1. Special subvariety and the dimension of the abelian part. Here we note the 
following assertion. 

Proposition 5.1. Let X be a special subvariety of A. Then we have the following. 
(1) dimX/Gx = b{{X/Gx)v) for any place v. 
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(2) Suppose dim X/Gx > b{{A/Gx)v)- Then there is a special point a with X = Gx + cr, 
that is, X is an abelian subvariety up to a special point. In particular, we have 
dimX/Gx = b{{X/Gx)v) = 0. 

Proof. Taking the quotient by Gx, we may assume Gx = 0, and further, taking the translate 
of X by a torsion point if necessary, we may assume that there is a closed subvariety Y' C 
A^/^ such that 

We write K := K^. By the existence of the Neron model and the semistable reduction 
theorem, we can take a semi-abelian scheme A over K° and a homomorphism 

r : A^/'^ X Spec fc Spec K°^^ 

extending Tr^' . Since A^^'' Xspeck SpecK° is proper over SpecK°, we see r is proper. Let 
f denote the reduction of r. 

Claim 5.1.16. f is a finite morphism. 

Proof. Let Z be the scheme theoretic image of r in A. Since r is proper, the morphism 
j[K/k xgpecfe SpecK° — 7- Z is proper and surjective. Since r is finite over Z^ := Z XgpecK" 
Spec IK by Lemma [1.4[ we have dim 2k = diiaA^'''. Therefore we find dim 2 = diiaA^''' 
by Chevalley's theorem (P, Theoreme 13.1.3]), from which we see that f : A^/^ -^ Z is 
a generically finite surjective morphism. Since f is a surjective homomorphism of group 
schemes, its fiber is equidimensional. Thus we conclude that f is finite. D 

Claim 5.1.17. We have b{X^) > dimY' and b{A^) > dimA^/^ 

Proof. We here fix a Mumford model p : S' ^ j^ oi the uniformization E -^ A^. Recall 
that, for our A^, we have a unique exact sequence 

1 > sr° > s° -^ ss > 

as (14.0. lip , and an isomorphism p° : S° -^ s^° as in f l4.0.12p . According to the construction 
of Raynaud extension in |6l §1], we can identify £^° with the formal completion A of A. Via 
this identification, we regard the reduction f as a homomorphism from A^/^ to s^°. Since 
{P°)^^ (f {A^/^\ j is proper over k and Kerg° is affine, we see that (t\ipo-)-i{f{XK/k\\ is finite. 

Therefore we find g° o (p°)~^ o f is also finite by Claim [5! 1.161 
Now the second inequality of our claim is obvious: 

6(A) = dim J > dimg° {{p°Y^ (r {a^'^X)) = dimA^/^ 

Let us show the first inequality. Let ^ be the closure of X in £/, and put ^° := ^ (1 £/°. 
We put 

^° := {p°)-\^°) C ^°, 

and let ^ C ^ be a quasi-compact open formal subscheme such that ^° C ^ and p(^) = 
^. We can see that the special fiber of the closure of X in ^ coincides with ^° via the 
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identification A = s^° . Taking account of T(y) C <^°, wliicli conies from our assumption, 
we liave 

6(X,) = dimg r^-) > g° ('#°) = q° UfY^ (^°)) ^ ^° ((^°)"' (^(^0)) = dim(F') 

as required. D 

By virtue of the claim just above, we have 

dimF' = dimX > 6(XJ > dimF' 

and hence dimX = 6(Xj,), which proves (1). To show (2), we suppose further dimX > 6(v4^). 
Then we have 

dimy' = dimX > h{A^) > dimA^/^ > dim^', 

which says Y' = A^/^ and X is an abelian subvariety. Since we have assumed Gx = 0, we 
have X = as required. D 

Remark 5.2. Suppose that X is a special subvariety of A over K and that there is a place 
V G Mj^ at which A is totally degenerate. Then it immediately follows from Theorem 10.21 
and Corollary 12. 91 that X is a torsion subvariety, but we can show that fact directly (without 
using Gubler's theorem). In fact, we have h{{A/Gx))v = by Lemma [4.41 and hence X is 
the translate of Gx by a special point by Proposition 15.11 (2). Any special point is a torsion 
point since A^ is totally degenerate, and hence we conclude that X is a torsion subvariety 
in this case. We can also show by a similar argument that a special subvariety is an abelian 
subvariety up to translation by a special point in the case where there exists a place v with 
h{A,) = 1. 

5.2. First main result. According to Proposition 15. II (1). an irreducible closed subvariety 
with dim(X/G'x) > b{{X/Gx)v) for some v is not a special subvariety. If the geometric 
Bogomolov conjecture holds true, then such a closed subvariety should not have dense small 
points. In fact, it is our main assertion: 

Theorem 5.3 (cf. Theorem 10. 4p . Let A he an abelian variety over K and let X he an 
irreducible closed subvariety of A. Let Gx d Abe the stabilizer of X . Suppose dim(X/Gx) > 
h{{X/Gx)v) for some place v. Then X does not have dense small points. 

Proof. We argue by contradiction. Suppose there exists a counterexample X to Theorem 15.31 
Then, the closed subvariety X/Gx C A/Gx has dense small points by Lemma 12.11 That 
tells us that X/Gx is again a counterexample. Accordingly we may assume Gx = and our 
assumption in the theorem says d := dimX > 6(X„). Since Gx = 0, there exists an integer 
X > such that 

a : X^ — 7- A'^^^, (xi, . . . , xn) >— ^ (3^2 — Xi, . . . ,xn — xx-i) 

is generically finite (cf. [231 Lemma 3.1]). We put X' := X^ and Y := a{X'). The closed 
subvariety X' C A'^ also has dense small points by Lemma 12.41 

Let L and M be even ample line bundles on X and Y respectively. Then the line bundle 
L' := L^^ of A^ is even and ample. Let /i and u be the tropical canonical measures on 
(X^)*''°P = (X*™P)^ and Y^^*^^ arising from L' and M respectively. We simply write hx' and 
hy for the canonical heights on them associated with L' and M respectively. Since X' has 
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dense small points, we can find a generic net {Pm)m£i, where / is a directed set, such that 
limj„ hx'{Pm) = 0. The image {a{Pm))m&i is also a generic net of Y with limm /iy(a;(Pm)) = 
0. Then by using the equidistribution theorem [121 Theorem 1.2], we can obtain 

in the usual way (cf. [HI Proof of Theorem 1.1]), where a*™^ : (X^)*''°p — )■ Y^^""^ is the map 
between tropical varieties associated to a. (In Gubler's article, it is denoted by aval-) 

Let us take Mumford models s^i of A^ and i2^ of A^~^ such that a : X^ — )■ y„ extends to 
the morphism of models h : J^' — )■ ^, where .^' is the closure of X'^ in s^i and ^ is that 
oi Y in ^2- Let / : ,^" — )■ e^' be a strictly semistable alteration. Then g := h o f is also a 
strictly semistable alteration for ^ since /i is a generically finite surjective morphism. Let 5* 
be a stratum of ^". Then, we immediately see from the definition of non-degeneracy that 
S is non-degenerate with respect to / if so is S with respect to g. In particular we have 

max{dim S* | S* is non-degenerate with respect to /} 

> maxjdimS* | S is non-degenerate with respect to g}, 
and we find 
(5.3.18) a(/i) < a(z/) 



by K6T^. 
Let us write 

N 

as in Theorem 14.61 Renumbering them if necessary, we may assume dimAi = a ia^°% 

Since d > b{Xy) by our assumption, we have dimAi > by (I4.6.15p . Taking account of 
Lemma 14.11 and Proposition 14. 5[ we can write 

jl,---,JN jl,---,JN 

The coefficients in the summation are all positive, and we have 



dim Ai"^ = a(/i) = Na [fixTx) > ^■ 



Since a contracts the diagonal of X' to the origin of A'^ ^, we see a^^°^ also contracts 
that of Ai to 0. Therefore, there exists a cr(/i)-dimensional simplex A C Ai such that 
dima*™P(A) < cr(/i). On the other hand, we have i^(r) = for any simplex r of dimension 
less than cr(/i) by (I5.3.18p . which says i/(a*™P(A)) = in particular. On the other hand, 
since (a*™P)*/i = u, we have 

i^(a*™P(A)) = /i ((a*™P)-i (a*"P(A))) > fx(A) > 0. 

That is a contradiction, and thus we complete the proof. D 



We have a(/x) = ct(i/) in fact. 
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5.3. Further results. In this subsection, we use a resuh of the appendix by Gubler to show 
some resuhs concerning the geometric Bogomolov conjecture, though we have not used the 
appendix so far. 

Theorem 5.4. Let X be a subvariety of an abelian variety A. Suppose there exists a place 
V such that dimX/Gx > b{{A/Gx)v)- Then X does not have dense small points. 

Proof. We argue by contradiction. Suppose that X has dense smaU points. As usual, we may 
assume Gx = by taking the quotient, and dimX > by Lemma [2.111 If dimX > h{Xy)., 
we are done by Theorem 15. 3[ Consider the case dimX < h{Xy). Then dimX = h{X^) 
and hence h{X^) > b{A.u) by our assumption, which concludes 6(X„) = 6(A„). Note that 
b{A^) > in this situation. 

Consider the morphism a : X'^ — )■ A^~^ as in the proof of Theorem 15. 3[ and put X' := X^ 
and Y := a{X') as before. Recall that a : X' — ;■ "K is a generically finite surjective morphism. 
We have 

h{X',) = Nh{X,) = Nh{A,) > (iV - 1)6(A) > 6(1;). 

Let /i and u be the canonical measures on X'^ and Yy respectively, which are the same 
ones as in the proof of Theorem 15.31 Then by Gubler's result Corollary IA.2| we obtain 

(5.4.19) a (/i) = dimX' - b{X'^) < dimF - b{Y^) = a {v) . 

On the other hand, the above X' also has dense small points. Therefore we have a generic 
net of small points, and the image of this generic net by a is also a generic net of small 
points of Y . By the equidistribution theorem [121 Theorem 1.1], we then have 

which implies 

cr(z.) = a((a*-P)^/x)<a(/x). 

That however contradicts (15.4. 19p . D 

Corollary 5.5. Let X and A be as above. Suppose b{{A/Gx)v) < 1- If X has dense small 
points, then it is a special subvariet-^. 

Proof. Suppose that X has dense small points. Since b{{A/Gx)v) < 1, we have dimX/Gx = 
by Theorem 15.41 By Lemma [2.111 we then conclude that X is a special subvariety. D 

As a further corollary, we can see the following assertion. In the case of b{Ay) = 0, it is 
p4| Theorem 1.1]. 

Corollary 5.6 (cf. Theorem IU.5p . Let A be an abelian variety. Suppose that there exists a 
place V such that b{Ay) < 1. Then the geometric Bogomolov conjecture holds for A. 

Proof. This assertion immediately follows from Corollary 15.51 since we have b{{A/Gx)v) < 1 
by Lemma 14. 4[ D 

Remark 5.7. We can consider Conjecture 12.101 also in the case where K is the function 
field of a higher dimensional normal projective variety. Theorem 15. 3[ Theorem 15.41 and its 
corollaries hold true in such a case as well as Theorem 10. 2[ because our proof will be given 
by local methods which hold for any discrete valuation. 



We see, by Remark [Q] in fact, that X is the translate of Gx by a special point of A. 
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Appendix by Walter Gubler. The minimal dimension of a canonical measure 



In Yamaki's proof of Theorem 10 .41 the main point was to deduce the lower bound d — b{Xv) 
for the minimal dimension of the tropical canonical measure. We will show in this appendix 
that the minimal dimension is in fact equal to d — b{Xy) and that this holds also for a 
canonical measure on X. This is interesting as such measures play an important role in 
non-archimedean analysis. 

Let K he a field with a discrete valuation v and let K = Ck be a minimal algebraically 
closed field which is complete with respect to a valuation extending v. The valuation ring 
of K is denoted by K°. 

We consider an irreducible d-dimensional closed subvariety X of an abelian variety A 
defined over K. We will recall in lA.4l that the Berkovich analytic space X'^'^ over K associated 
to X has a canonical piecewise linear subspace Sx which is the support of every canonical 
measure on X. Let b{X) be the dimension of the abelian part of X (see § 14. 5p . We will 
also use the uniformization p : E ^ A'^'^ = E/M from the Raynaud extension and the 
corresponding tropicalization maps val : E — )■ M" and val : A^"^ — )■ ]R"/A (see § 14. 2p . 

The goal of this appendix is to show the following result. 

Theorem A.l. There are rational simplices Ai, . . . , Ajy in Sx with the following five prop- 
erties: 

(a) For j = 1, . . . ,N, we have dim(Aj) < d. 

(c) The restriction o/val to Aj induces a linear isomorphism onto a simplex Aj o/M^/A. 

(d) For canonically metrized line bundles Li, . . . ,Ld on A, there are Vj G M with 

N 

Ci(Lilx) A ■ ■ ■ A Ci{Ld\x) = '^rj ■ Sa^, 

i=i 
where 6a is the pushforward of the Lebesgue measure on Aj normalized by 6a {A j) = 
(dim(A,)!)-i. 

(e) // all line bundles in (d) are ample, then Tj > for all j G {1, . . . , A^}. 
For any such covering of Sx, we have min{dim(Aj) | j = 1, . . . , A^} = d — b{X). 

The proof will be given in IA.6I 

Corollary A. 2. Let Ai, . . . , A^v be the components of the tropical canonical measure /^^"Zt 
considered in Theorem \4.6[ Then we have 

min dim(A,,) = d — b(X). 

j=l,...,N ■" ^ ' 

Proof. The tropical canonical measure satisfies 

and hence Corollary IA.2I follows from Theorem lA.ll D 

A. 3. Let £^Q be the Mumford model of A over K° associated to a rational polytopal decom- 
position "ioQ of ]R"/A. We denote the closure of X^^ in s^q by ^q which is a formal ]K°-model 
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of X^^. It follows from de Jong's alteration theorem that there is a proper surjective mor- 
phism ifQ : ^' — t- ^ from a strictly semistable formal scheme ^' over W whose generic 
fibre is an irreducible (i- dimensional proper algebraic variety X' (see [TS'i 6.2]). The generic 
fibre of y^o is denoted by /. 

A. 4. The canonical subset Sx of X^^ is defined as the support of a canonical measure 
ci{Li\x) A ■ ■ ■ A Ci(Lrflx)- Similarly as in p31 Remark 6.11], the definition of Sx does not 
depend on the choice of the canonically metrized ample line bundles Li, . . . ,Ld oi A. By 
P^ Theorem 6.12] Sx is a rational piecewise linear space. The piecewise linear structure 
is characterized by the fact that the restriction of / to the union of all canonical simplices 
which are non-degenerate with respect to / induces a piecewise linear map onto Sx with 
finite fibres. This structure does not depend on the choice of si/q and / in f lA.3|) . 



Theorem A. 5. Let ip : ^' — )■ ^ be a strictly semistable alteration as in \A.3\ with generic 
fibre f : {X')^^ — t- X''^'^. Then there is a b{X)- dimensional stratum S of ^' such that the 
canonical simplex As of S{^') is non- degenerate with respect to f. 



Proof. We use the same method as in the proofs of Theorem 6.7 and Lemma 7.1 in 
Let E be the collection of simplices of X*''°p = val{X^^) given by f^^lAs) together with 
all their closed faces where S ranges over all strata of J^'. There is a rational polytopal 
decomposition ^i of ]R"/A which is transversal to S, i.e. Afla is either empty or of dimension 
dim(A) + dim(a) — n for all A G ^i and a G E. Note that the existence of such a transversal 
^1 is much easier than the construction in [131 Lemma 6.5], and no extension of the base 
field is needed here. 

We consider the polytopal decomposition ^ := {Aq fl Ai | Aq G ^q, ^i ^ ^i} which is 
the coarsest refinement of ^o and ^i. Let ^i,^ be the Mumford models associated to ^i 
and '^. Then we get the following commutative diagram of canonical morphisms of formal 
schemes over K°: 



^" 



S^' -^ 



V . ^ '-1 



to 



''0 

Here the formal scheme ^" with reduced special fibre is determined by the fact that the 
rectangle is cartesian on the level of formal analytic varieties (see p^ 5.17]). 

Let S'q,S'i,(S' he the K°-models of the uniformization E associated to "^o? "^i; ^ (see § l4.3p . 
For z = 1, 2, let 6^ : <f — )■ <fj be the unique morphism extending the identity on the generic 
fibre. By construction, we have ^ := Si/M and s^ = S /M with quotient morphisms Pi and 
p. The homomorphism q : E -^ B from the Raynaud extension is the generic fibre of unique 
morphisms qi: ^ ^ SS and q: S -^ !^. Let S^\ (resp. ^) be the closure of X in £^\ (resp. 
£^) and let ^ := Pi^{'!^i), ^ '■= p~^{^). By definition of b{X), there is an irreducible 
component Wi of ^ with 

(A.5.20) dimqi{Wi) = b{X). 

Since ^ = t'i{'3^), there is an irreducible component W oi '3^ with Wi = l[(W). By [131 
Propositions 5.7 and 5.13], there is a bijective correspondence between the vertices of the 
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polytopal subdivision 

Q) := {As n T1(A) I S stratum of t' and A G ^} 

of the skeleton 5'(J?r') and the d-dimensional strata of ^" . Since p is a local isomorphism, 
it is clear that "piyV^ is an irreducible component of ^ . Using the fact that c^ is a proper 
surjective morphism onto ^, there is a d-dimensional stratum R of S^" with (p{K) dense in 
p(iy). Let v! be the vertex of Qi corresponding to R and let S be the unique stratum of ^' 
with Vh contained in the relative interior relint(A5). 

By [131 Lemma 5.15], we have ~il{R) = S, the map (fo:S^£/o = S'q/M has a lift 
$0 : 5* -)■ (#0 and there is a unique lift $ : i? -> <f of (^ : i? -> i^/ = d/M with l>o o T' = ?(, o |) 
on R. The lift $o is unique up to M-translation and hence we may fix it by requiring that 
$(/?) is dense in W. It follows that 

(A.5.21) qoiMS)) = go o <i>o o l'{R) = q^o^o ^{R) = q, o l[ o <|(i?) 

is dense in qi{Wi). By flA.5.20p . we get 

(A.5.22) dimgo($o(5)) = b{X). 

Since u' is a vertex of ^ contained in relint(A5), it is clear that 

(A.5.23) dim7,g(As) = dimA5 

(see also the argument after (25) in [131 Remark 5.17]). There is a unique Ai G ^i with 
fssiu') e relint(Ai). Since f^si.'^') is also contained in f ^f^{/S.s) & S, the transversality of 
^i and S yields 

(A.5.24) codimAi < dim7^ff(As) = dimA^. 

By [T3| Proposition 5.14], li o (^(i?) is contained in the stratum of £/i corresponding to 
relint(Ai). This correspondence is described in [131 Proposition 4.8], showing also that 
Wi := l[ o $(-R) is contained in the stratum Zai of S'l corresponding to relint(Ai) for a 
suitable polytope Ai of M" with image Ai in ]R"/A. By [13], Remark 4.9], this stratum is a 
torsor qi : Z^^ — j- ^ with fibres isomorphic to a torus of dimension equal to codim(Ai). Since 
$(i?) is dense in W, it follows that W° is dense in Wi. We conclude that W° is contained 
in a fibre bundle over qi{W°) with codim(Ai)-dimensional fibres. This and flA.5.2ip yield 

(A.5.25) dim 5 > dimgo($o('5)) = dimqi{W°) > diml^i - codim Ai. 

Since Wi is an irreducible component of ^, we have dimVTi = d. By (]A.5.24p . we get 

dim Wi — codim Ai > d — dim A^ = dim S. 

We conclude that equality occurs everywhere in flA.5.25P proving 

(A.5.26) dim5 = dimgo(*o('5)). 

By (IA.5.23P and flA.5.26p . the canonical simplex A5 is non-degenerate with respect to /. 



Using flA.5.22p and flA.5.26p . we conclude that S* is a 6(X)-dimensional stratum of J^'. D 
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A. 6. It remains to proof Theorem lA.li We choose a strictly semistable alteration ^jq : 
2^' — 7- ^Q as in lA. 31 with generic fibre / : [X'Y^ — )■ A'^". Moreover, we may assume that 
the restriction of / to A5 is a linear isomorphism onto a rational simplex of the canonical 
subset Sx for all canonical simplices A5 of S{^'^ which are non-degenerate with respect to 
/ (see the proof of [TSj Theorem 6.12]). We number these simplices of T by Ai, . . . , A^y. By 
projection formula ([T3, Proposition 3.8]), we have 

/, (ci(rI7U) A ■ ■ ■ A Ci(rl^U)) = deg(/)ci(I7U) A ■ ■ • A Ci(I^U). 
By [T31 Theorem 6.7 and Remark 6.8], there are numbers r^ with 

Cx{rT[\x)N---Ncx{rU\x) = ^rs^i^s 

s 

where S ranges over all strata of ^' such that the canonical simplex A5 of the skeleton 
S{JK') is non-degenerate with respect to /. Note that the numbers rs are positive if all line 
bundles are ample. This yields already properties (a)-(e) in Theorem lA.ll and the last claim 
follows from Theorem IA.5I D 
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